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ABSTRACT
A methodfor identifying the independentcomponentsof
an alpha-stablerandomvectoris proposed.Themethodis
basedonanestimateof thespectralmeasurefor thecharac-
teristicfunction.Simulationswith bothsyntheticandspeech
signalsdemonstratethat the proposedmethodcan identi-
fy independentcomponentsin the so-calledover-complete
caseof moresourcesthanmixtures.

Keywords: Alpha-stabledistributions,spectralmeasure,in-
dependentcomponentanalysis,blind identification,over-
completerepresentation.

1. INTRODUCTION

IndependentComponentAnalysis(ICA) addressestheprob-
lem of reconstructionof

�
sourcesfrom theobservationof�

instantaneouslinearcombinationsthereof.
Stabledistributionsissuitablefor modellingrandomvari-

ableswith tails of the probability densityfunction that are
heavier thanthetails of theGaussiandensityfunction.Sta-
ble distributionshave foundapplicationsin signalprocess-
ing [1], andalsoin processingof audiosignals[2, 3].

This work considerthe ICA on stablevectors,andthe
paperis organizedasfollows. Stabledistributionsareintro-
ducedin Sec.2andit is shown thata fundamentalproperty
of stablerandomvectorswith independentcomponentsis
that the so-calledspectralmeasureis discrete(established
result). In Sec.3the estimationof the spectralmeasureis
discussed,andin Sec.4the spectralmeasureis usedfor i-
dentifying the numberof independentcomponentsandthe
non-orthogonalbasesof thesecomponents.Theresultsof a
simulationstudy, of bothsyntheticandspeechsignals,are
presentedin Sec.5.

2. STABLE DISTRIBUTIONS

Closed-formexpressionsdo not in generalexist for Alpha-
Stable( � S ) densityand distribution functions, therefore�

This work is supportedby theDanishResearchCouncilsthroughthe
THORCenterfor Neuroinformatics.

the � S distributionsareusuallydescribedby characteristic
functions(ch.f.).

2.1. Characteristic Function for � S Variable

Thech.f. of a randomvariable � in � is definedas �	��
���������� ����� � � , where
�

denotestheexpectation.Therandom
variableis � S with characteristicexponent � , if the ch.f.
canbewrittenon theform�	��
��� ����� �������
�! #"%$&
� (1)

where����
��� '( )+*-, 
 , . �0/��1"%23�54768� �:9; � sign��
�<�>=?�A@�B/*-, 
 , �0/C #"D2 9 ; sign��
�FEG6H��
�<� =?�I�B/
and JLK+�NM ; , *IO J , �P/QMR2NMB/ , and ���C=2S= * =<$8��TU� .
The parameter2 determinesthe symmetryof the distribu-
tion, * is thescaleparameter, and $ is thelocationparame-
ter. For 2V�BJ and $1�WJ thedistribution is symmetricand
is denotedS� S���C= * � .
2.2. Characteristic Function for � S Vector

The ch.f. for a real randomvector X is definedas �	��YZ�[��\�]�F� ��"%Y_^8X8� . A randomvector is an � S vector if a finite
measurè existsontheunit spherea!b of � b suchthatthe
ch.f. canbewrittenon theform�	��Yc��� �����\d ������YZ�8 #"DY ^8e�f (2)

where �g��Yc���ih�jlk1m . ��Y ^Hn �poq`�� n �
andm . ��rs�S�ut , r , . �0/��1"7�v4l6!� .7wx � sign��r&��>=?�+@�y/, r , �/� V" w x sign��r&�FEz68��r&�� =?�1�y/
Themeasurè is calledthespectral measure of the � Sran-
dom vector, and e is called the shift vector. The spectral
measureis a real function, andthe spectralrepresentation��`�= e � is unique.See[4, 1].



2.3. � S Vector with DiscreteSpectralMeasure

Considerthe real vector {W�?| }�~H�]�_�}l����^ , where }l�&=<�+�/7=_�]�]�]= � are independent� S���C=2g�!= * �s=$!��� randomvari-
ables. Let X���| �&~p�]�_�� b ��^ be a randomvector in � b ,
and � bea � bP� � matrix. The vector X+����{ is thenan� S randomvectorwith ch.f.�	��YZ�S� �\�]����d "%Y ^ ��{ f � ���l�H~ �\�]�F�\d "%Y ^8�&� �F}l� f
where �s� � is the � th columnof � . This is essentiallythe
productof all thech.f.sof } � , andcanbewrittenas

�	��Yc��� ������� ���]�C��Y ^ �&� ���8 V" ���l�:~ $!�FY ^ �s� �F� (3)

where �]����Y ^ �&� ���S� ���7�:~ * �Fm . d Y ^ �s� � f (4)

Rewriting (3) to theform of (2) yields

`C� n �S� ���7�:~ /C #2g�; * � � ��^ � � � � � � .q� x_� � n � n � �< ���7�:~ /��12 �; * �&� ��^ � � �&� ��� .q� x_� � n  n ��� (5)

where n ��� �s� ����� � ^ � � �s� ��� ~ � x and

e � '����( ����)
���l�:~ �s� ��$!� =�� @�y/���l�:~ � � �¢¡ $ � � /9¤£ � 2 � Ez68� � ^ � � � � � �¦¥ =����y/

See[4, Example2.3.6].Hencethespectralmeasurè�� n � of
the � S randomvector X is discreteandconcentratedon

�
symmetricpairsof points � n � =]� n � � , �V��/7=_�]�_��= � of a � .
This resultholdsin general,thusthespectralmeasurèC� n �
of an � S randomvector X is discreteon theunit spherea �
if, andonly if, the � S randomvectorcanbeexpressedasa
lineartransformationof independent� S randomvariables.

3. ESTIMATION OF THE SPECTRAL MEASURE

We describea methodfor estimationof the spectralmea-
sure,examinethestatisticalcharacteristicsof theestimator,
anddiscusthesamplingradiusof thech.f..

3.1. DiscreteApproximation of the SpectralMeasure

From[5, Theorem1] we have that for a o -dimensional� S
variablewith spectralmeasurèC� n � and density function§ ��X8� , thereis a discretespectralmeasurè:¨�� n � with cor-
respondingdensityfunction § ¨F��X8� satisfying©<ª �«F¬Z&® , § ��X8�S� § ¨ ��X8� , MN¯
where ¯ O J . Thusanarbitraryspectralmeasurè�� n � can
beapproximatedby a discretemeasurè ¨ � n � suchthat the
correspondingdensitiesarearbitrarily close. The only re-
quirementis thatsamplingof n is sufficiently dense.

The ch.f. correspondingto the approximateddiscrete
spectralmeasurè ¨ � n � sampledin ° points,canbewritten
as � ¨ ��Yc��� ����� � �²±��l�:~ m . ��Y ^ n ���0` ¨ � n ��� �
Now definea vector ³��?| ` ¨ � n ~��s�_�]�<` ¨ � n ± �%� ^ containing
the ° valuesof theapproximateddiscretespectralmeasure.
If we evaluatetheapproximatedch.f. for ° valuesof Y and
definethefunction � ¨ ��Yc�����´Ez6�� ¨ ��YZ� thenwe canformu-
latethesetof linearequationsµ �W¶	³ (6)

whereµ �¸·¹º � ¨ ��YZ~_�...� ¨ ��Y ± �
»�¼½ =V¶W�¸·¹º m . ��Y_^ ~ n ~��¾�]�]�²m . ��Y_^~ n ± �...

.. .
...m . ��Y_^± n ~��¾�]�]�²m . ��Y_^± n ± �

»�¼½
If the ° valuesof Y arechosensothat ¶Q¿ ~ exists, thenthe
approximatedspectralmeasureis given exact by the solu-
tion to (6).

3.2. Estimation of the DiscreteSpectralMeasure

In [6] amethodfor estimationof thestablespectralmeasure
is proposed.The principle behindthe estimationis based
on (6). From this point, without lossof generalityandto
simplify the presentation,we will assumethat X is S� S.
For estimationof thespectralmeasurein thenon-symmetric
caseseethemoregeneraltreatmentin [6].

In the caseof symmetricdensityfunction the spectral
measureandthe ch.f. is real valuedandsymmetric.From
the definition of the ch.f. an estimatebasedon samplesof
therandomvector X canbeobtainedasÀ�	��YZ��� /Á Â�Ã �:~�Ä]Å © ��Y ^ X Ã � (7)



for
Á

samplesof X . By introducingthe function
À�g��Yc�Æ��¢EG68� À� . ��Yc�� andsubstitute

µ
by
Àµ �Ç| À����Y ~ �&�]�]� À�g��Y ± �¦��^ , an

estimateof theapproximatediscretespectralmeasureis di-
rectly obtainedfrom (6).

The spectralmeasureis definedon the o -dimensional
unit sphere. If no a priori knowledgeabout the spectral
measureis availableand if all directionsare of equalim-
portance,it is natural to sample n uniformly on the unit
sphere.In the S� S caseit suffice to sampleon the half o -
dimensionalunit sphere.In the o´� ; casethe � th sample
point in n is then n �\��| Ä]Å © d 9 � ¿ ~± f © �z6 d 9 � ¿ ~± f � ^ .

Thenaturalchoiceof thesamplinggrid of thech.f. is to
samplesymmetricallyon a o -dimensionalsphere,againin
the S� S caseit sufficesto sampleon a half o -dimensional
sphere.Thusthe � th samplepoint in Y is Y � �ÉÈ n � , whereÈ is thesamplingradius.Thesamplingradiusis decisivefor
the performanceof the estimatorof the spectralmeasure,
this is discussedin section3.4.

3.3. Estimation Procedure

To avoid negativevaluesin theestimateof thespectralmea-
sure ³ , thesolutionin (6) is restatedasÊ �G6\ËËË À

µ � ; Re�DÌ´�0³ÍËËË x © � �_�[³ Î+Ï (8)

The estimationprocedurefor the spectralmeasureis now:
determinethesamplingradiusof Y , calculateÌ , estimate

Àµ
,

andsolve theconstrainedleastsquareproblemin (8).

3.4. Estimation Considerations

Thissectionexaminethestatisticalcharacteristicsof thees-
timator subjectto the samplingradiusof the ch.f., andthe
choiceof the characteristicexponent. To evaluatethe per-
formanceof the estimationof the spectralmeasurewe de-
fine theperformancemeasureÐ � � � µ � Àµ �¦ÑC� µ � Àµ �<��� µ Ñ µ �
where

µ
is definedin (6) and

Àµ
is theestimateof

µ
thatcor-

respondsto theestimateof thespectralmeasurefrom (8).
Applying theestimationprocedurefrom section3.3,we

estimatethe spectralmeasurefor the S� S randomvectorX�TÒ� x with thediscretespectralmeasure`�� n � �S� tÔÓx for �Ò�y/7/�=<Õ7Ö×�0/cJ�/�=]/ ; Ö��J else

wheren_Ø is distributeduniformly onthehalf unit circle,and°Ù�+Ú�J .
A desirablepropertyis to have a scaleindependentes-

timator, andfrom (2) onedirectly obtainthat if È�Û * ¿ ~ �v.Ü
thentheestimatorof thech.f. is scaleindependent1.

1In [6] thesamplingradiusis fixedto Ý�ÞNß , andthe influenceof the
samplingradiusis notaddressed.

In Fig.1 the performancemeasureversusthe sampling
radiusis shown for * �ÉJ�� J�/7=5J��z/7=_/7=]/cJ�=_/_J7J . It appearsthat
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Fig. 1. Performancemeasureversussamplingradius, XWT
S� S�/7�çæ�= * � .
thesamplingradiusof thech.f. is of crucial importance.A
naturalchoiceof thesamplingradiusisÈP� * ¿ ~ �5.Ü (9)

and the vertical barsin Fig.1 indicatethe samplingradius
thatcorrespondsto (9).

In Fig.2 the performancemeasureversusthe choiceof
thecharacteristicexponentis shown for X1T S� S���C=]/c� , and���è/7� ; =_/7� é�=_/7� Ö�=]/�� ê . Obviously the bestperformanceis
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Fig. 2. Performancemeasureversusthe choiceof charac-
teristicexponentin theestimation.X1T S� S���C=]/Z� .
obtainedwhenthe choiceof characteristicexponentin the
estimationis equalto thecharacteristicexponentof theS� S
vector. It is surprisingthat the characteristicexponenthas
only minor influenceon the performanceof the estimator,
andnoticethatthecharacteristicexponentin theestimation
shouldbechosenconservatively low.



4. BLIND IDENTIFICA TION OF BASIS VECTORS

Considerthemixture XR���L{ , where {+�ð| }�~p�_�]�0}l�¤� ^ is
a randomvectorwith independent� S�ñ��=<2g�&= * �s=<$!��� com-
ponents,and ��TN� b3� � . Theobjective is to estimatethe
basisvectorsof � basedonobservationsof X .

Fundamentallyblind identificationhasa scaleambigu-
ity between* � of } � andthenormof thecolumns ò � � � ò x ,
thuswithoutlossof generalitywecanassumethat ò � � � ò x �/ . Moreover,blind identificationprovidesnoorderingof the
basisvectors,andfor thecaseof symmetricdensitiesthere
is a signambiguityof thebasisvectors.

Now considering(5) leadsto the conclusionthat the i-
dentificationof thebasisvectors�s� � is simply to determine
the directionsin which the spectralmeasurehasmass2. In
generalthespectralmeasurehasmassin

; �
directions(

�
directionsif weonly samplethehalf o -dimensionalsphere).
Themethodwill work for boththeunder-complete(

� O � )
andtheover-complete(

� K � ) case.

4.1. Practical Considerations

Due to a finite numberof samples,observation noiseand
possibledeviationsfrom the theoreticaldistributions,there
will be somenoisein the estimatedspectralmeasure.The
basisvectorsshouldbedeterminedasthedirectionsin which
theestimatedspectralmeasurehasdominatingmass.

The numberof samplepoints ° in Y and n determines
theangularresolutionof thebasisvectors.In the o×� ; case
with samplingon thehalf 2-dimensionalspheretheresolu-
tion is ó¤9:��� ; °C� . A disadvantageof theproposedmethodis
thattheoptimizationproblemin (8) scalesexponentiallyin
thedimensionof themixture.

5. SIMULA TION STUDY

Thebasisvectorsfor over-completemixtures � � K � � are
identifiedfor bothsyntheticS�Hô signalsandspeechsignals.

5.1. Identification of BasisVectors,S� S Signal

Let { bearandomvectorwith independentS� S�/7� ; =]/Z� ran-
dom variables,XÉ�Ç�L{ be the observablerandomvector,
and �õ�÷ö Ä�Å © ��ø ~ � Ä�Å © ��ø x � Ä�Å © ��øúùZ� Ä�Å © ��ø í �© �z68��ø ~ � © �z68��ø x � © �z68��øúùc� © �z68��ø í �Uû
with ø ~ �ü� w ý � , ø x ��� x wý � , øZù���� ù wý � , and ø í ��� í wý � .

Thebasisvectorsareidentifiedasthedirectionsin which
theestimatedspectralmeasurehassignificantmass.In Fig.3
a typical exampleof an estimatedspectralmeasure,using
the estimationprocedurein Sec.3,is shown. Observe that

2Onthecontraryhereto,conventionalICA algorithmsis basedonmin-
imizationof contrastfunctions.
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Fig. 3. Empirical spectralmeasure,̀�� n � , for the S� S ran-
domvector X . Theestimationis basedon

Á �õ/cJ7J7J�J ob-
servationsof X , samplingradius È´� ~x , and °W��Ú�J . The
directionof the basisvectorsof � areindicatedby dotted
lines.

the distribution of massesfor the spectralmeasureis very
specificin the 4 directionscorrespondingto the directions
of the basisof � . In Fig.4 the scatterplot for the obser-
vationsof X is depicted,andthe basisvectorsof the mix-
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Fig. 4. Scatterplot of X . Thebasisvectorsof � , aredepict-
edby vectors,andthedirectionsin which thespectralmea-
surehassignificantmasses,aredepictedby dashedlines.

ing matrix andthedirectionsin which thespectralmeasure
hasdominatingmassare shown. Threebasisvectorsare
correctlyidentified,andthefourth basisvectoris onepoint
away from theright value.

5.2. Identification of BasisVectors,SpeechSignals

The proposedmethodfor identificationof basesin a mix-
tureis appliedto a mixtureof threespeechsignals.In [3] it
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Fig. 5. Empiricalspectralmeasure,`C� n � , for themixture X .
The ch.f. is estimatedbasedon

� � ; Õ�J7J7J observations,
samplingradiusÈP�ÉælJ , ���y/�� ; , and °Ù�+Ú�J .
is demonstratedthatS� Sdistributionsaresuitablefor mod-
elling a broadclassof acousticalsignals,includingspeech
signals,andthis is thetheoreticaljustificationfor theexam-
ple. For thepurposeof comparisonthemethodis appliedto
thesamemixing matrixandthesamespeechsignalsasused
in [7]. Thespeechsignalsarefrom theTIMIT database,and
themixing matrixis �õ�ü|G/ /ú� � ; /Z� � ;�� J /ú� � ; �/Z� � ; � . In Fig.5 theestimatedspectralmeasureis depicted.
Thedistribution of massesis very specificin thedirection-
s correspondingto directionsof the basisvectorsof � . In
Fig.6 the scatterplot for the observationsis depicted.The
spectralmeasurehasdominantmassesin � ;�� �Õ symmetric
directions,andthesedirectionsare,very closeto thedirec-
tionsof thebasisvectorsof � .
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Fig. 6. Scatterplot of X . Thedirectionsof thebasisvectors
of � aredepictedby vectors,andthedirectionsin whichthe
spectralmeasurehasmasses,aredepictedby dashedlines

6. CONCLUSION

We proposesanICA methodbasedon theobservationthat
the spectralmeasureis discretefor stablerandomvectors
with independentcomponents.The methodidentifiesthe
numberof independentcomponentsandthenon-orthogonal
basesof themixture.

We examinethepropertiesof theestimatorof thespec-
tral measure,anddiscusthesamplingradiusfor thech.f..

Simulationsonsyntheticandspeechsignalsdemonstrates
that the methodcan identify the numberof independen-
t componentsandthebasesof theovercompletemixtures.
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